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Abstract
We summarise the approach to brane cosmology known as “mirage cosmology”
and use it to determine the Friedmann equation on a 3-brane embedded in differ-
ent bulk spacetimes all with one or more extra dimensions. Usually, when there
is more than one extra dimension the junction conditions, central to the usual
brane world scenarios, are difficult to apply. This problem does not arise in mi-
rage cosmology because the brane is treated as a “test particle” in the background
spacetime. We discuss in detail the dynamics of a brane embedded in two specific
10D bulk spacetimes, namely Sch-AdS5×S5 and a rotating black hole, and from
the dynamics—which are now rather more complicated since the brane can move
in all the extra dimensions—determine the new “dark fluid” terms in the brane
Friedmann equation. Some of these, such as the cosmological constant term, are
seen to be bulk dependent. However, for both bulks we show that there exists a
critical brane angular momentum, ℓc, and discuss its significance. We then show
explicitly how this mirage cosmology approach matches with the familiar junction
condition approach when there is just one extra dimension. The issue of a varying
speed of light in mirage cosmology is reviewed and we find a scenario in which ceff
always increases, tending asymptotically to a constant c0 as the universe expands.
Finally some comments are made regarding brane inflation and limitations of the
mirage cosmology approach are also discussed.
1 Introduction
Recently there has been much interest in the idea that our universe may be a 3-brane
embedded a spacetime of five or more dimensions. In particular, following the work
of Randall and Sundrum [1], the brane cosmology in models with one infinite extra
dimension has been studied in depth [2, 3, 4, 5, 7, 8]. There are essentially two distinct
approaches to determining this brane cosmology. In the first (e.g. [2]), coordinates are
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chosen relative to the brane which is thus at a fixed position in the extra dimension. The
bulk 5D metric, on the other hand, is time dependent and this time dependence induces
a time dependence on the brane via the junction conditions. The resulting Friedmann
equation on the brane is found to have a characteristic ρ2 term [2], where ρ is the energy
density in matter which is assumed to be confined on the brane, as well as a ‘dark’
radiation term originating from the Weyl tensor in the bulk [6].
In the alternative but equivalent approach (e.g. [7, 8]), the bulk is static and the brane
dynamical: the brane moves through a time-independent bulk metric. If the vacuum
Einstein equations hold in the bulk, and if one imposes that our universe brane has
the symmetry of a 3-sphere, then it is possible to prove that the bulk must be Sch-
AdS5 [9, 10]. Thus the brane divides two regions of Sch-AdS5 and its dynamics can be
determined from the junction conditions. For reasons which will be summarised in section
2, this motion of the brane through the bulk induces cosmology on the brane even if no
matter confined to the brane. This is sometimes called the ‘mirage’ effect [12] because
cosmological evolution is not necessarily sourced by the local energy density of the brane.
When matter is also included on the brane, the resulting Friedmann equation which one
obtains with this approach is identical to that obtained when the brane is static and the
bulk time dependent. (The explicit coordinate transformation linking the two approaches
may be found in [13].) The dark radiation term can now be understood as being due to
the motion of the brane.
Typically in both these approaches, it is assumed that the brane divides the bulk into
two identical pieces—that is, there is Z2 symmetry across the brane. This assumption can
easily be relaxed and in particular Z2 symmetry will be broken if the brane is charged
and couples to a 4-form field living in the bulk [10]. In context of the moving brane
approach, one would therefore have different cosmological constants Λ± and masses M±
parametrising the Sch-AdS5 spacetimes on each side of the brane, and thus the brane
dynamics would be altered. In particular, it is possible to show [7, 8, 10] that the
resulting Friedman equation now has an extra dark radiation term with energy density
proportional to [Λ]/a4 (where [Λ] = Λ+ − Λ−) as well as a new dark fluid term with
energy density proportional to [M ][Λ]/a8 (see also section 4.2).
One of the questions we try to address here is the following: if the brane is embedded
in a spacetime of more than five dimensions, what dark fluid terms are generated in the
brane Friedmann equation? To answer this question we work in the frame in which the
brane is dynamical, moving through a static or stationary bulk. In the usual brane world
scenarios, it is important to satisfy the brane junction conditions. This reflects that the
background metric must be consistent with the presence of the brane. Unfortunately, it
is often not straightforward to apply the junction conditions when there is more than
one extra dimension since the results typically depend on the thickness of the defect, ǫ,
and are not well defined as ǫ→ 0 [11]. However, this is not fatal to our program. For
objects with codimension greater than one, it becomes reasonable to treat them as “test
particles” in the background spacetime. In other words, there is no back-reaction to solve
for. This is analogous to the case of planetary orbits where the Earth, for instance, is
treated as a point particle moving in the spacetime metric generated by the sun (see
section 4.1).
Our particular approach to brane cosmology is to consider D3-branes in type IIB
2
string theory. Such D3-branes are attractive because they are stable and, by construction,
matter is localised on them. Furthermore, an action can, within certain approximations,
be derived [14]; it consists of the Dirac-Born-Infeld (DBI) action plus a Wess-Zumino
term. (For slowly moving branes, the D-brane action has been used extensively to study
the properties of near extremal black holes [15].) The only caveat is that D3-branes
are BPS states so that one must eventually provide a prescription for supersymmetry-
breaking. As for the background in which the branes move, this is consistently determined
from the low-energy string action. Here it is a 10D supergravity action and we consider a
Sch-AdS5×S5 bulk metric and a rotating black hole solution, both of which can be thought
of as being generated by a stack of D3-branes. The approach we describe was coined
‘mirage cosmology’ (MC) and developed in depth by Kehagias and Kiritsis [12, 16, 17]
and extended by others [18, 19, 20].
One of the purposes of this paper is to try to introduce MC to cosmologists who are
perhaps more familiar with 5D brane cosmology. (As such, a part of the work presented
here will follow [12].) The first important point is that the MC approach is ‘passive’. As
intimated above, the D3-brane is assumed not to back-react on the bulk. In this sense, this
approach is very similar to that used to determine the dynamics of cosmic topological
defects. It differs from the ‘active’ 5D case where the junction conditions include the
back-reaction of the brane on the bulk. We dub this approach the junction conditions
(JC) approach. Secondly, notice that when there is more than one extra dimension, the
brane has much more freedom in its motion. For example, in Sch-AdS5×S5 the brane
may not only move along the radial coordinate but also around the S5. However, it turns
out that the brane angular momentum ℓ is conserved around this S5 (section 4.1). In
section 4.2, we set ℓ = 0 and discuss how the Friedmann equation obtained from this
MC approach is linked to that obtained via the junction conditions. In order to make
this link though, it is necessary to consider the situation in which Z2 symmetry is broken
[7, 10] since D-branes are charged under Ramond-Ramond fields living in the bulk [14].
In section 4.3 we identify a critical value of the brane angular momentum, ℓc, and discuss
how the brane trajectories fall into two very different classes depending on whether ℓ < ℓc
or ℓ > ℓc.
A final purpose of this paper is to try to present new results on mirage cosmology. In
particular, in section 5, we consider mirage cosmology in a rotating black hole background
and comment on other work in this area. The possibility of a varying speed of light
is discussed in section 6.1. In section 6.2 we consider brane inflation when the bulk
is generated by a ‘brane gas’ and make other comments regarding inflation in mirage
cosmology. Finally conclusions are given in section 7 where we discuss some of the
limitations of this approach to brane cosmology, perhaps most importantly, the lack of
brane self-gravity.
2 Effective cosmology from brane motion
We begin by introducing our notation and explaining briefly the ‘mirage’ effect.
Consider an infinitely thin p-brane in a (D+1)- dimensional spacetime. The following
3
index convention will be used to label objects:
0
a︷ ︸︸ ︷
1 . . . p︸ ︷︷ ︸
i
A︷ ︸︸ ︷
p+1 . . .D
︸ ︷︷ ︸
µ
(2.1)
The D+1 spacetime coordinates are denoted by xµ with x0 ≡ t being the time coordinate,
and the background metric gµν(x) has signature (− + + . . .+). As the brane moves it
sweeps out a p+1 dimensional world-sheet labeled by coordinates σi. The position of
the brane in the background spacetime is xµ = Xµ(σ) so that the induced metric on the
brane is
γij(σ) = gµν(X)
∂Xµ
∂σi
∂Xν
∂σj
. (2.2)
We consider an infinitely long straight brane parallel to the xi-hyperplane, but free
to move along the perpendicular coordinates xA. Hence a natural choice of intrinsic
coordinates1 is σi = xi, and the brane motion is described by
X i = xi, XA = XA(t). (2.3)
This is known as the static gauge. If one wanted to study perturbed branes, the relevant
embedding would be X i = xi, XA = XA(xi) (see [21]).
Whether or not the induced brane metric γij is spatially homogeneous and isotropic
depends on the background metric. The background line-elements considered here are
either static or stationary and take the form
ds2 = g00 dt
2 +
∑
a
gaa(dx
a)2 + 2g0,p+1 dt dx
p+1 +
∑
A
gAA(dx
A)2 (2.4)
with
gµν = gµν(x
A). (2.5)
The induced metric γij is then
γ00 = g00 + 2g0,p+1X˙
p+1 +
∑
A
gAAX˙
AX˙A
γ0a = 0
γab = gaaδab (no sum) (2.6)
where · = ∂/∂t, and the metric coefficients are evaluated on the brane, i.e. gµν(xA) →
gµν(X
A(t)). It follows that γij = γij(t) and, in particular, that the brane is spatially flat.
To consider a curved brane we would have to assume a different embedding (for example,
see [18]).
1Of course any brane action must be invariant under reparametrisations σi → σ˜i, hence there is
freedom to choose the p+1 coordinates so as to simplify the resulting equations of motion as much as
possible.
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Now let p = 3. We consider backgrounds for which g11 = g22 = g33 ≡ gd so that the
brane metric γij is indeed spatially homogeneous and isotropic
2. The induced line-element
on the brane is
ds2 = γijdx
idxj
= γ00(t)dt
2 + gd(X
A(t))dx2
≡ −dτ 2 + a2(τ)dx2, (2.7)
where the brane time τ is defined by
dτ =
√
−γ00(t)dt (2.8)
and the brane scale factor a(τ) by
a2(τ) = gd(X
A(t(τ))). (2.9)
This is the ‘mirage’ effect: the brane motion has generated a scale factor a(τ) in the
brane independently of whether or not there is matter on the brane. The details of a(τ)
depend both on the background, through gd, and on the brane motion, through X
A(t(τ)).
Finally the Friedmann equation is given by
H2 =
(
1
a
da
dτ
)2
= 1
4
1
|γ00|
1
g2d
[∑
A
(
∂gd
∂XA
X˙A
)]2
≡ 8πG4
3
ρeff (2.10)
which defines an effective energy density.
3 Brane action and the background metric
We assume that our universe is a D3-brane in type IIB string theory, and that the
background spacetime in which it moves is generated by all the allowed degrees of freedom.
In the low-energy limit we have a 10D supergravity action from which the bulk metric
may be determined [22]. Apart from section 6.2, the bulk will be assumed to contain a
charged stack of many coincident D3-branes which generate, amongst other possibilities,
a Sch-AdS5×S5 bulk metric [17].
The “universe-brane” itself (on which, by construction, gauge fields are confined) can
also couple to many different objects and determining its action is still an active area of
research. However, in the simplest case we can think of our universe as a probe D3-brane
whose action is given by [14]
S = SDBI + SWZ = −λ
∫
d4σ
√
− det(γij + (2πα′)Fij − Bij)− e
∫
C4, (3.1)
where λ is the brane tension, α′ is the string tension and e is the brane charge density. The
dilaton has not been included because it is constant in the supergravity solutions being
2If g11 6= g22 6= g33, then the brane metric is homogeneous but anisotropic. Such a situation occurs
when there is a non-zero bulk magnetic NS field [19]. Of cosmological interest, would be situations in
which the motion of the brane (i.e. its expansion) leads to isotropisation of the brane.
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considered. The ‘kinetic’ term, the DBI action, is the volume of the brane trajectory (the
Nambu-Goto piece) modified by the presence of the pull-back of the Neveu-Schwarz anti-
symmetric two-form Bij, and worldvolume anti-symmetric gauge fields Fij . (The latter
arise due to open strings which may connect the probe and stack D3-branes.) Thus, for
example, if there is radiation on the brane, Fij 6= 0, and the brane dynamics will be
altered relative to the case of a brane with no radiation.3 The modified dynamics will in
turn change the Friedmann equation (as explained in section 2) which will thus contain
terms reflecting the presence of the radiation [12, 19] (see also section 4.4).
Note, however, that the brane action as it stands does not allow for arbitrary matter
content. Thus, as presented so far, MC cannot provide a full account of the evolution of
our universe. (It would, after all, be unbelievable if our current cosmology, based upon
4D gravity and the local matter density, could be emulated solely by the motion of a
brane in a higher-dimensional background.) However, MC may well have a role to play
where our understanding is not well established, namely at early and late (future) times.
Additionally, (3.1) provides a springboard for more phenomenological approaches. We
return to these themes in section 6.2.
The Wess-Zumino term in (3.1) is required since the probe D3-brane is charged under
Ramond-Ramond gauge fields living in the bulk. Here it takes the simple form given in
(3.1) because we assume that the stack is the sole source of RR fields. Thus the only
contribution is from a 4-form C4 and
SWZ = −e
∫
C4 = −e
∫
1
4!
Cµνρτ
∂Xµ
∂σi
∂Xν
∂σj
∂Xρ
∂σk
∂Xτ
∂σℓ
dσidσjdσkdσℓ, (3.2)
where the gauge field Cµνρτ is obtained from the corresponding field strength Fαµνρτ
(which off the brane and for r > 0 is a solution of ∇αFαµνρτ = 0). By virtue of the
coordinate choice (2.3), we have assumed that the probe brane is parallel or anti-parallel
to the stack. Supersymmetry of the total system remains unbroken only in the parallel
case when the brane is BPS implying that e = λ [14]. The anti-parallel case corresponds
to the probe being an anti-brane and to e = −λ. However, in order to make comparisons
with more phenomenological brane world scenarios and ones using the JCs, we will write
more generally
e = qλ. (3.3)
4 Mirage cosmology in Schwarzschild-AdS5× S5
A particularly illustrative background in which to apply the mirage cosmology approach
is Sch-AdS5×S5, since if one dropped the S5 piece it would correspond to the background
metric used in the moving brane approach to 5D brane cosmology described in the in-
troduction [7]. Thus the dynamics of the brane around the S5 should give an indication
of which dark fluid terms are generated in models with more than one extra dimension4.
3This is exactly the same effect as in the case of current carrying cosmic strings. With no current, the
string action is the NG action. With a current, the action is changed and it may lead to very different
cosmic string dynamics—for example, stable loops called vortons may now be formed [23].
4Notice that the induced metric on the brane corresponds to a flat universe and that the brane does
not wrap around the S5 by virtue of the embedding (4.4). One could choose instead to wrap the brane
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The Sch-AdS5×S5 metric is given by
ds2 =
r2
L2
(−f(r)dt2 + dx21 + dx22 + dx23)+ L2dr2f(r)r2 + L2dΩ25 (4.1)
where
f(r) = 1−
(r0
r
)4
(4.2)
and dΩ25 = hIJ(φ)φ
IφJ is line element of the unit 5-sphere described by coordinates
φI , I = 0 . . . 5. The metric satisfies the 10D Einstein equations with Λ ≡ −16/L2 and
r40 ≡ 2GML2 gives the black hole mass M , with G the 10D Newton constant. In this
background the radial position of the brane determines the brane scale factor a since
from (2.9)
a =
r
L
. (4.3)
We take r0/L ≤ a ≤ ∞, though it would be interesting to determine what happens for a
brane that crosses the black hole horizon.
In order to obtain a(τ) the brane dynamics r(τ) must be calculated. Initially (section
4.1) we assume that there is no radiation on the brane, Fij = 0, and turn off the bulk NS
fields, Bij = 0. Then the Friedmann equation which follows from (4.3) will contain only
dark fluid terms. Some of these terms (sections 4.1 and 4.2) will be seen to be the familiar
dark fluid terms of 5D brane worlds mentioned in the introduction. However, other terms
arise from the non-trivial dynamics of the brane around the S5 and they can lead to some
interesting effects (section 4.3). In section 4.2 we define precisely the link between this
MC approach to brane world cosmology and the junction condition approach used in 5D.
Finally in section 4.4 we consider briefly the case of non-zero Fij . Parts of sections 4.1
and 4.4 follow closely reference [12].
4.1 Brane dynamics with no matter
To maintain some generality we write the bulk metric line element as
ds2 = g00(r)dt
2 + gd(r)dx
2 + grr(r)dr
2 + gs(r)dΩ
2
5 (4.4)
which includes the Sch-AdS5×S5 metric of (4.1). The only non-zero component5 of Cµνρτ
is then C0123(r) ≡ C4(r). Thus in the gauge (2.3), C4 = C4(r)d4x and, with Fij = Bij = 0,
the action (3.1) defines a dimensionless Lagrangian L through
S = −λ
∫
d4x
√
− det(γij)− qλ
∫
d4x C4 ≡ λV3
∫
dtL, (4.5)
where V3 =
∫
d3x. Using (2.2) gives
L = −
√
−g3dγ00 − qC4 ≡ −
√
A+ Br˙2 + ChIJ φ˙Iφ˙J + E (4.6)
around part of the S5 so leading to a closed universe [18].
5Actually, the self-duality condition for the field strength for p = 3 means the 4-form will also have
non-zero components in the S5-directions, but these do not contribute to the WZ term in the static
gauge.
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with
A = −g3dg00, B = −g3dgrr, C = −g3dgs, E = −qC4. (4.7)
By inspection, since L is not explicitly time dependent and the φ-dependence is confined
to the kinetic term for φ˙, the brane geodesics are parametrised by a conserved energy E
and an angular momentum ℓ2 given, respectively, by
E =
∂L
∂r˙
r˙ +
∂L
∂φ˙I
φ˙I − L, ℓ2 = hIJ ∂L
∂φ˙I
∂L
∂φ˙J
. (4.8)
Solving these expressions for φ˙ and r˙ gives
hIJ φ˙
I φ˙J =
A2ℓ2
C2(E + E)2 , r˙
2 = −AB
[
1 +
A
C
(ℓ2 − C)
(E + E)2
]
. (4.9)
The brane time τ is then obtained on substitution of (4.9) into (2.8):
dτ 2 =
1
g3d
(A+ Br˙2 + ChIJ φ˙I φ˙J)dt2 = A
2
(E + E)2
1
g3d
dt2 (4.10)
and the Friedmann equation (2.10) becomes
H2 = −gd(g
′
d)
2
4ABC
[A(ℓ2 − C) + C(E + E)2] . (4.11)
The specific forms of A,B, C, E and a for the Sch-AdS5×S5 metric (4.1) are
A = r
8
L8
f = a8
(
1− X
4
a4
)
, B = − r
4
L4f
= −a4
(
1− X
4
a4
)−1
,
C = − r
6
L4
= −a6L2, E = q
(( r
L
)4
− X
4
2
)
= q
(
a4 − X
4
2
)
(4.12)
where X = r0/L and we have used the expression for the 4-form in Sch-AdS5×S5 [12]
C4(r) = − r
4
L4
+
r40
2L4
. (4.13)
Finally, the Friedmann (4.11) equation is
H2 =
q2 − 1
L2
+
X4L2
a4
+ L6
(
E˜
a4
)(
E˜
a4
+
2q
L4
)
+ ℓ2
L4
a6
(
X4L2
a4
− 1
L2
)
, (4.14)
where we now rescaled the scale factor a by a factor of L to give it dimensions of length
and the constant part of E , essentially electrostatic energy, has been absorbed into the
energy so that E˜ = E − qX4/2. Note that the first term is the effective cosmological
constant on the brane but that this vanishes when q = ±1.
The dependence of this Friedmann equation on ℓ will be discussed in subsection 4.3
where we will comment on the final term of (4.14) which contributes a negative energy
density for r > r0. We now focus on the case ℓ = 0.
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4.2 ℓ = 0: ‘mirage’ versus brane world cosmology
When ℓ = 0 the D3-brane has no dynamics about the S5 and hence its motion is effectively
constrained to a Sch-AdS5 bulk with metric
ds25 =
r2
L2
(−f(r)dt2 + dx21 + dx22 + dx23)+ L2dr2f(r)r2 . (4.15)
It is straightforward to work out the Friedmann equation resulting from the MC approach
in this case: it is given in (4.14) where one must set ℓ = 0. (Note that the cosmological
constant corresponding to (4.15) is now Λ = −6/L2 and that r40 ≡ 2G5ML2 where G5 is
the 5D Newton constant. In obtaining the Friedmann equation we use (4.13) which also
holds in 5D [21].) However, as was discussed in the introduction, the brane dynamics—
including the back-reaction of the brane on the bulk—are also known in this case (i.e.
with bulk metric (4.15)) from the JC approach [7, 8, 10]. The purpose of this section is
to compare these two Friedmann equations. Are they related in any way? And if so, how
do the different parameters relate to one another? In other words, when there is only
one extra dimension, how does the ‘test brane’ MC approach compare with the ‘exact’
JC approach?
Before making this comparison, note three important points. Firstly, since the D3-
branes we are considering in this paper are charged and couple (minimally) to a 4-form
field living in the bulk, one must consider, in the JC approach, a setup in which Z2
symmetry is broken—see comments in the introduction and [10]. Thus the brane, with
charge e4 say, divides two different regions of Sch-AdS5 with cosmological constants and
masses Λ±,M±. Secondly, in deriving (4.14) we have set Fij = Bij = 0 and so there is no
matter on the brane, thus we must set ρ = p = 0 in the JC approach. Finally, we have
considered a flat brane, so k = 0 in the JC approach.
Once these conditions are imposed, the resulting Friedmann equation calculated in
[10] using the junction conditions depends on G5 and e4 as well as five other dimensionful
quantities: the brane tension λ—which is the same as that in (3.1)—and Λ±,M±. In fact
the combinations which appear are 〈M〉, [M ], 〈Λ〉 and [Λ] where 〈x〉 ≡ (x++x−)/2 and
[x] ≡ x+−x−. A final important identity relates the force on the brane e4〈F 〉 to the jump
in cosmological constant [10]:
[Λ] = 6π2e4G5〈F 〉. (4.16)
(Here F is defined through the physical 5-form field strength Fµνρστ = Fǫµνρστ corre-
sponding to the bulk gauge field Aµνρσ. From the 5D SUGRA equations of motion it
is straightforward to show that F = K1r
3/L4, where the constant K1 is dimensionless,
and that A0123 is, up to a multiplicative constant, just C0123 of (4.13) used in the MC
approach. Furthermore, from the equations of motion, the effective cosmological con-
stants are easily seen to be Λ± = Λ±K2F 2± where K2 is another numerical constant and
Λ = −6/L2.) Notice from (4.16) that if the brane is uncharged, e4 = 0, then [Λ] = 0 so
that there is no force on the brane. Finally the resulting Friedmann equation is [10]
H2 =
Λ4
3
+
2G5〈M〉
a4
+
(
3
8πλ
)2
[M ]
a4
(
[M ]
a4
+ π2e4〈F 〉
)
, (4.17)
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where a is the dimensionful scale factor, and the effective cosmological constant Λ4 is
given by
Λ4
3
=
〈Λ〉
6
+ 1
4
(
8πλ
3
)2
G25 +
1
4
(
3
8πλ
)2 (
π2e4〈F 〉
)2
. (4.18)
If Z2 symmetry is imposed, i.e. [M ] = [Λ] = 0, then (apart from the cosmological con-
stant term) the Friedmann equation (4.17) contains only the familiar dark radiation term
coming from the electric part of the Weyl tensor. With no Z2 symmetry there is the extra
dark radiation term plus a contribution ∼ a−8, as mentioned in the introduction.
How does this Friedmann equation (4.17) compare with the Friedmann equation (4.14)
obtained from the DBI action when ℓ = 0? That equation is
H2 =
q2 − 1
L2
+
2G5M
a4
+ L6
(
E˜
a4
)(
E˜
a4
+
2q
L4
)
. (4.19)
Notice first that (4.19) and (4.17) have a very similar form, and in particular exactly
the same scale factor dependence. The familiar dark radiation term of Z2 symmetric
brane worlds is also found in the MC approach—it is the term 2G5M/a
4—and the two
approaches are seen to lead to the same ‘dark’ fluids on the brane.
Next one can compare the coefficients of the various terms in equations (4.19) and
(4.17). How are the four parameters (q, E˜,M,Λ) parametrising the geodesic motion
of the test brane in Sch-AdS5 related to the five parameters (e4,M±,Λ±) in the JC
approach? Clearly this identification will force two of these last six parameters to be
related. However, before making this identification note one final important point: it is
the application of junction conditions which gives rise to the term proportional to G25 in
(4.18), and we should not expect such a term in the MC approach. Comparing (4.17),
(4.18) and (4.19) this is indeed verified. Furthermore, since both q and e4 are brane
charges, we expect q ∝ e4 so that one deduces that
Λ = 〈Λ〉, M = 〈M〉. (4.20)
Thus, for example, the mass M of the Schwarzschild black hole appearing in the MC
approach must be identified with the average mass 〈M〉 in the JC approach. Then, since
L is independent ofM , it ought to be independent of [M ], and this forces L4 ∝ λ−1. Here
the constant of proportionality is arbitrary because of the freedom in how E is defined
and because q is also scaled by the multiplicative constant relating Aµνρσ and Cµνρσ. Thus
we are free to write
E˜
L
= [M ]
2q
L5
= π2e4〈F 〉 (4.21)
which forces
〈Λ〉 = −4
√
6πλ. (4.22)
4.3 Effects of angular momentum
We now return to the full 10D case of section 4.1 and consider non-zero angular momen-
tum, ℓ 6= 0. Now the Friedmann equation (4.14) has two extra contributions. The first is
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proportional to a−6 and is characteristic of an equation of state w≡p/ρ=1. However it
contributes with a negative energy density in (4.14). The second is proportional to a−10
which would correspond to matter with equation of state w = 7/3. To understand the
effect of these terms, it is helpful to construct an effective potential for the brane motion
as a function of the radial coordinate r.
Our approach is the same as that used when considering planetary orbits: the con-
stants of the motion are used to eliminate all but the radial degree of freedom. Then
the 1D equation of motion follows from the Lagrangian, L = 1
2
r˙2 − Veff (r), where
Veff ≡ E − 12 r˙2.
Here, two effective potentials can be constructed. The first, V t
eff
, determines the brane
dynamics as seen by an observer outside the brane whose time coordinate is t:
V t
eff
(r, ℓ, E) ≡ E − 1
2
r˙2 = E +
A
2B
[
1 +
A
C
(ℓ2 − C)
(E + E)2
]
= E − 1
2
( r
L
)4
f 2
[
1− r2f (ℓ
2L4 + r6)
(E˜L4 + qr4)2
]
, (4.23)
where we have used (4.9) followed by (4.12). In a similar way, the second potential V τ
eff
,
which is defined for an observer living on the brane, is given by
V τ
eff
(r, ℓ, E) ≡ E − 1
2
(
dr
dτ
)2
= E +
g3d
2ABC
[C(E + E)2 +A(ℓ2 − C)]
= E + 1
2
(
L
r
)6 [
f
r2
L4
(
ℓ2 +
r6
L4
)
−
(
E˜ + q
r4
L4
)2]
. (4.24)
This second potential is more relevant for cosmology. Initially, however, we study both
potentials, focusing on BPS branes for which q = 1 (for q 6= 1 see [21]).
First consider some properties of V t
eff
. Since f = 0 at the horizon (r = r0), it follows
from (4.23) that V t
eff
(r0) = E and ∂V
t
eff
/∂r |r=r0 = 0. Hence the potential has a turning
point at the horizon. Also V t
eff
(r→∞) = 0. Thus only when E = 0 does the brane have
zero kinetic energy at infinity. The behaviour of V t
eff
between the horizon and infinity
depends on the size of ℓ2. This is illustrated in figure 1 where we have introduced the
rescaled quantities: Vˆ t
eff
=V t
eff
L4/r40, Eˆ=EL
4/r40, rˆ=r/r0, Lˆ=L/r0 and ℓˆ=ℓL
2/r30.
If ℓ = 0 (the lower line in the figure) and the brane is moving radially inwards, it
reaches the horizon as t → ∞ where it is ‘absorbed’ by the black hole. Alternatively, a
brane initially moving radially outwards escapes to infinity.
If the brane has a large angular momentum ℓ, as in the upper curve of figure 1, then a
centrifugal potential barrier forms. Thus if the brane initially moves inwards from infinity,
it bounces back at a given radius to move back out to infinity. On the other hand, the
brane could also be trapped in the small region near the horizon (see figure 2). Suppose
that a brane moves radially outwards in this region: it continues moving outwards until
it is reflected off the potential barrier eventually being absorbed by the black hole.
There is a critical value of the angular momentum ℓc and corresponding critical radius
rc > r0 for which V
t
eff
(rc) = E and ∂V
t
eff
/∂r |r=rc = 0. (See the middle curve in figure
1 and the lower one in figure 2). With this angular momentum the brane may reach a
stable circular orbit with radius rc. The expression for ℓc is given in the appendix.
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Figure 1: The rescaled effective potential Vˆ t
eff
for q=1. The parameters are Eˆ =2 and
Lˆ=1. The lower curve has ℓˆ=0, the upper one ℓˆ=5 and the middle one ℓˆ= ℓˆc=3.49.
Now consider the effective potential V τ
eff
of equation (4.24). This describes the brane
trajectory as a function of brane-time τ , and since r(τ) = a(τ), also the behaviour of
the scale factor. Notice that V τ
eff
(r0) = E − 12X−6(E + 12X4)2 6= 0 is ℓ independent, and
that as r →∞, V τ
eff
→ E. Hence in this limit (dr/dτ)2 = 0, which reflects the fact that
there is no cosmological constant in this case (of q = 1). Furthermore, observe that the
coefficient of the ℓ2-term is positive and is given by fL2/2r4; this is responsible for the
centrifugal barrier.
The behaviour of V τ
eff
as a function of r is shown in figure 3. Again one identifies
three regimes:
• ℓ < ℓc. The universe either expands or contracts forever. Expansion/contraction
depends on whether the brane initially moves radially outwards/inwards.
• ℓ > ℓc. Here there are two possibilities. i) The universe initially contracts—
corresponding to the brane moving in from infinity—before bouncing off the cen-
trifugal barrier and starting a period of expansion. ii) The brane moves radially
outwards from the horizon, expanding at the same time, and then bounces off the
centrifugal barrier. It then contracts before it terminating its life after some finite
brane time inside the black hole—a ‘black crunch’.
• ℓ = ℓc. If the brane moves radially inwards from infinity, the universe will contract
but the rate of contraction will decrease until, after an infinite amount of time,
the scale factor takes the constant value a = rc. If, on the other hand, the brane
moves radially outwards from the horizon then it expands but again the scale factor
reaches the value a = rc.
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Figure 2: Detail of the rescaled effective potential Vˆ t
eff
. The parameters Eˆ and Lˆ take the
same values as in figure 1. The lower curve has ℓˆ= ℓˆc=3.49 and the upper one ℓˆ=3.7.
The critical radius is rˆc=1.39.
Allied with the question of brane dynamics is the question of brane initial conditions.
Clearly for an expanding solution we require the brane to moving outwards from the
black hole, but this begs the question of how the brane came to be in this state. One
interesting idea is to suppose the brane is Hawking emitted from the black hole. However,
the probability of such an event is thought to be extremely low [15].
4.4 Radiation on the brane
So far we have focused on the dynamics of branes with no matter on them. In this
subsection we comment very briefly on branes with radiation, that is Fij 6= 0 (see [12]).
The important point is that the Friedmann equation resulting from the MC approach
contains no ρ2rad terms, but only terms linear in ρrad (the energy density in radiation on
the brane). This contrasts with the JC approach where the back-reaction of the brane
on the bulk metric is responsible for the ρ2rad terms [2, 7].
As mentioned in section 4.1, if electromagnetic fields are present on the brane their
non-zero energy density affects the brane dynamics via the action (3.1). Following [12]
we now determine the effect of a uniform electric field 〈E2〉 on the brane dynamics and
hence its contribution to the Friedmann equation.
From (3.1), the Lagrangian is now
L = −
√
A+ Br˙2 + ChIJ φ˙I φ˙J − E2g2d + E ≡ −
√
Z + E (4.25)
where E2 = 2πα′EiE
i and E0 = −A˙i in the gauge A0 = 0. The equation of motion for
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Figure 3: The rescaled effective potential Vˆ τ
eff
for the same values of the parameters as
in figure 1.
Ei gives [12]
E2 =
µ2Z
g4d
, (4.26)
where µ2 = 2πα′µiµ
i and µi are integration constants. Solving for E
2 yields
E2g2d =
(
µ2
µ2 + g2d
)(
A+ Br˙2 + Chijφ˙Iφ˙J
)
,
so that (4.25) becomes
L = −
√
A′ + B′r˙2 + C′hIJ φ˙Iφ˙J + E , (4.27)
where A′ = A (1 + µ2g−2d )−1 and identical relations hold for B′ and C′. Hence the expres-
sions for r˙2 and hIJ φ˙
Iφ˙J are just as in (4.9), but with A → A′, etc. Furthermore, it is
straightforward to show that dt2 = g3dA−2(E + E)2(1 + µ2g−2d )dτ 2 so that the Friedmann
equation including the effects of radiation is
H2
total
= H2 +H2〈E2〉, (4.28)
where H2, which is independent of µ2, is given in equation (4.10), and
H2〈E2〉 = −
1
4ABC
(g′d)
2
gd
µ2
[C(E + E)2 +Aℓ2]
= ρrad
(
qL+
E˜L5
a4
)2
+ ℓ2ρrad
(
L8
a6
)(
X4L2
a4
− 1
L2
)
. (4.29)
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Here, since ρrad ≡ µ2/a4 is energy density in radiation, it would appear that the 4D
Newton constant should be identified with
8πG4
3
= q2L2 =
16q2
(−Λ) . (4.30)
Hence, to summarise, the final result (now setting q = 1) is that
H2 =
8πG4
3
ρrad +∆
∆ =
X4L2
a4
+ (ρradL
4 + 1)
[
L6
(
E˜
a4
)(
E˜
a4
+
2
L4
)
+ ℓ2
L4
a6
(
X4L2
a4
− 1
L2
)]
(4.31)
As commented above, this is linear in ρrad. If equation (4.31) were to describe a realistic
cosmology then one could now proceed to try to constrain ℓ, E˜, L and r0 by nucleosynthesis
constraints.
5 Mirage cosmology in a rotating black hole bulk
An aspect of the Sch-AdS5×S5 background which simplifies considerations is that the
scale factor is just the radial distance of the brane from the black hole. When the brane
moves in other backgrounds the expression for a(τ) is generally more complicated: recall
from (2.9) that a2(τ) = gd(X
A(τ)).
As an example of this, we consider MC in a rotating black hole background. This
supergravity solution was constructed in [24], and brane dynamics and thermodynamics
in this background were studied in [25, 26]. The possibility of a varying speed of light
effect in MC was addressed in [17, 27]. In this section we introduce a general formalism
for studying MC in the background of a rotating source. We clarify and correct aspects in
recent literature. Additionally, we consider the dark fluid terms that arise in this model.
We comment more fully on varying speed of light effects in section 6.1.
5.1 Background metric
The metric for the rotating black hole solution is [24]
ds2 =
1√
f
(−hdt2 + dx21 + dx22 + dx23)+√f[dr2
h˜
− 4ml coshα
r4∆f
sin2 θdtdφ
+ r2(∆dθ2 + ∆˜ sin2 θdφ2 + cos2 θdΩ23)
]
(5.1)
where
f = 1 +
2m sinh2 α
r4∆
≡ 1 + R˜
4
r4∆
∆ = 1 +
l2 cos2 θ
r2
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∆˜ = 1 +
l2
r2
+
2ml2 sin2 θ
r6∆f
h = 1− 2m
r4∆
h˜ =
1
∆
(
1 +
l2
r2
− 2m
r4
)
(5.2)
Note that this solution is not singular unlike the 4D Kerr metric6. The total (quantized)
D-brane charge of the black hole is R where R4 = 2m sinhα coshα.
The black hole rotates in the φ-plane and its angular momentum is determined by l:
if l = 0 the off-diagonal terms in (5.1) vanish and the metric is that of a D3 black brane
whose MC was considered in [12].7 The metric describing rotation about more than one
axis was also constructed in [24]. Together with φ, the coordinates r and θ in (5.1) are the
usual coordinates describing a 3-sphere. Notice that the metric coefficients are functions
only of r and θ but not φ. In a similar way to the Sch-AdS5×S5 metric considered in the
previous section, there is a factorized 3-sphere contribution.
The horizon is the surface given by h˜(r) = 0 so that
r2 = r20 =
1
2
(√
l4 + 8m− l2
)
.
A second critical surface, the infinite red-shift hyperplane, satisfies h(r) = 0. We have
r2 = r2∞ =
1
2
(√
l4 cos4 θ + 8m− l2 cos2 θ
)
(5.3)
and that r∞ ≥ r0, with equality holding at the poles (θ = 0, π).
It is convenient to introduce the function
f0 = 1 +
R4
r4∆
. (5.4)
Then the 4-form potential for this background is [24]
C4 = −
(
1− f0
f
)
− l
√
2mR˜2
r4∆f
sin2 θφ˙. (5.5)
Finally, note that the brane scale factor is given by a= f−1/4. However, as we shall
see shortly, we consider trajectories in which θ=π/2. Then ∆=1 so that
a =
(
1 +
R˜4
r4
)−1/4
. (5.6)
Thus a is bounded by amax = 1 (as r →∞) and amin = (1 + R˜4/r40)−1/4 (as r → r0).
6The 4D Kerr metric can be obtained from the 10D metric in the following way. First get rid of six
dimensions, namely xi and Ω3. Then put α = 0 (which is not too surprising since α contains the string
parameters). Finally, for dimensional reasons, m→ mr3.
7We believe, however, that there is a slight misprint in the Friedmann equation obtained in [12] in
that case: equation (5.6) of [12] should read (E + ξ(1− a4))2/a8 rather than (E + ξa4)2/a8.
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5.2 Brane dynamics with no matter
In the static gauge, substitution of the metric (5.1) into the action (4.5) gives [25, 27]8
L = −1
f
[√
h− fω2 − 1 + f0 + l sin
2 θ
sinhα
(1− f)φ˙
]
(5.7)
where we have set q = 1 and
ω2 =
r˙2
h˜
− 4ml coshα
r4∆f
sin2 θφ˙+ r2
(
∆θ˙2 + ∆˜ sin2 θφ˙2 + cos2 θΩ˙23
)
. (5.8)
It is straightforward to obtain the equations of motion for θ from (5.7) and to show that
θ˙ = θ¨ = 0 if either sin θ = 0 or cos θ = 0. Hence the brane will remain in the same θ-plane
for θ = 0, π/2.
If θ = 0, then the coefficient of the φ˙ terms vanish in (5.7) and (5.8) so that one is left
with diagonal metrics of the form discussed in (4.4). Since we want to study the effect of
black hole rotation on brane dynamics, we choose θ = π/2 so that r2∞ =
√
2m and the
Lagrangian becomes
L = −
√
A+ Br˙2 + Cφ˙2 + 2Dφ˙+ E + Gφ˙ ≡ −
√
Z + E + Gφ˙ (5.9)
where
A = −g3dg00 =
h
f 2
, B = −g3dgrr = −
1
fh˜
,
C = −g3dgφφ = −
r2
f
∆˜, D = −g3dg0φ =
l
√
2m
r4f 2
R4
R˜2
, (5.10)
and from (5.5)
E = (1− f0)
f
= − R
4
r4f
G = l
sinhα
(f − 1)
f
=
l
√
2m
r4f
R˜2. (5.11)
Notice that the coefficient of dΩ23 in (5.1) vanishes when θ = π/2 so that the brane can
have no angular momentum about this 3-sphere; hence this is a different set up from the
one considered in the previous section. However, the brane does have a conserved angular
momentum about the φ direction: ℓ = ∂L/∂φ˙.
From (5.9) the angular momentum ℓ and energy E are given by
ℓ = G − 1
Z1/2
(Cφ˙+D), E = 1
Z1/2
(Cφ˙+A)− E (5.12)
so that
φ˙ = −AG˜ +DE˜M r˙
2 =
(AC −D2)
B
[−AG˜2 − CE˜2 − 2DG˜E˜ + (AC −D2)]
M2 (5.13)
8In fact our Lagrangian differs from theirs by an irrelevant overall constant.
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where we have defined
G˜ ≡ −ℓ + G, E˜ ≡ −E − E , M≡ DG˜ + CE˜ . (5.14)
Notice that on setting D = G = 0 equations (5.13) reduce to (4.9) as required. Finally,
the brane time τ is obtained by substituting (5.13) into (2.8) to give
dτ 2 =
1
g3d
(A+ Br˙2 + Cφ˙2 + 2Dφ˙)dt2 = 1
g3dM2
(AC − D2)2dt2. (5.15)
We are now in a position to construct the different effective potentials defined in
section 4.3. The first, V t
eff
(r, ℓ, E), is given by
V t
eff
(r, ℓ, E) = E − (AC −D
2)
2B
[−AG˜2 − CE˜2 − 2DG˜E˜ + (AC −D2)]
M2 . (5.16)
In [25], an attempt was made to study this potential in the limit that φ˙ = 0 = ℓ. However,
it is clear from (5.13) that this is not a consistent choice: if ℓ = 0 then φ˙ = 0 only for a
very specific value of r, namely when AG = D(E + E). Instead, one should study (5.15)
for arbitrary ℓ.
First notice that at the horizon r=r0, B−1 = 0 so that V teff (r0) = E and ∂V teff/∂r|r0 =
0. This is just as for the effective potential discussed in section 4.3. Now, however, as
r →∞,
V t
eff
(r)→ E + 1
2E2
(1− E2) (5.17)
so that only for |E| > 1 will the brane be able to escape from the rotating black hole:
whenever |E| < 1 the brane is trapped. The behaviour of V t
eff
as a function of ℓ—the
brane angular momentum—is similar to that discussed in section 4.3. For all values of
l and m, there is a critical value of the angular momentum ℓc above which a repulsive
centrifugal barrier forms. At ℓ = ℓc (where ℓc is of course a function of l, m and the other
parameters) there is a corresponding critical radius r = rc in which the brane is in a
stable circular brane orbit with constant angular velocity φ˙c. (For any other value of ℓ,
the radius r is not constant and hence, from (5.13), φ˙ is not constant either.)
Given the equations of motion above, one may ask if there is a solution in which
the the relative position of the brane to the rotating source is constant. In other words,
is there a solution φ˙c = Ω where Ω is the angular velocity of the black hole given by
Ω =
√
2R−2m−1/2lr20 [24, 26]? In reference [25] it was assumed that such a solution exists
and the thermodynamics of the D3-brane was then studied as a function of r (since for
a static probe, its distance to the source can be regarded as a mass scale in the SYM
theory [28]). In particular, by calculating the entropy and heat capacity of the brane
for θ = π/2 and φ˙c = Ω, it was shown that there are two critical points for which these
thermodynamic quantities diverge leading to interesting conclusions regarding the mass
scale of scalar fields in SYM theory [25]. Our analysis of (5.17) suggests, however, that
generically φ˙c 6= Ω. For a given set of (l, m, α), the value of φ˙c depends on E and there
is only one specific value of E ≡ Ec for which φ˙c = Ω. If for some reason these specific
values of (ℓc, Ec) are chosen (this is a set of measure zero) then the radial distance of the
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brane, r = rc, is also fixed. Hence it does not appear consistent with equations (5.13) to
study probe brane thermodynamics by setting φ˙c = Ω and then letting r vary.
We now turn to the cosmologically relevant effective potential V τ
eff
(r, ℓ, E) given by
V τ
eff
(r, ℓ, E) = E − 1
2
g3d
B(CA − D2)
[
−AG˜2 − CE˜2 − 2DG˜E˜ + (CA −D2)
]
. (5.18)
In the limit r →∞,
V τ
eff
→ E − 1
2
(E2 − 1) (5.19)
so that once again for |E| < 1 the brane cannot escape from the rotating black hole.
Notice that there is a significant difference between V τ
eff
in this rotating black hole bulk
and that obtained for the Sch-AdS5×S5 bulk: there the brane (with q = 1) always had
zero kinetic energy at infinity since V τ
eff
(r → ∞) = E. In other words the cosmological
constant on the brane vanished. Here, on the other hand, it is clear from (5.19) that
even when q = 1, the cosmological constant only vanishes when E = 1 (as in that case
the brane has no kinetic energy at infinity). This is the first indication that the dark
fluid terms in the Friedmann equation will be rather different in this rotating black hole
background (see section 5.3).
In the limit r → r0, V τeff < E, and notice also that the coefficient of the ℓ2 term is
positive so that once again we expect a centrifugal potential barrier. The brane motion
can be summarised as follows
• E < 1. Independently of ℓ, the brane will be trapped in a region near the horizon
and eventually be absorbed by the black hole.
• E ≥ 1. Here one has similar behaviour to the one in the Sch-AdS5×S5 background.
That is, there is again a critical angular momentum ℓc which divides the brane
trajectories into two different categories as discussed in section 4.1.
The behaviours are illustrated in figure 4 for E < 1 and figure 5 for E > 1, where we
have introduced the dimensionless quantities rˆ=r/r∞, lˆ= l/r∞, Rˆ=R/r∞ and ℓˆ=ℓ/r∞.
In this rotating black hole background, the existence of stable circular orbit with
r > r0 was required by Alexander [27] who studied the effects of a varying speed of
light in MC (see also section 6.1). In [27], however, a rather involved mechanism was
constructed to stabilise the brane in a circular orbit at some r > r0 (this was required
since the only stable circular orbit was thought to have radius r = r0 where the speed
of light vanishes (see section 6.1)). According to our analysis, however, a stable circular
orbit with r > r0 always exists when ℓ = ℓc—and given the analysis of section 4 this is
indeed the case whether or not the black hole rotates.
5.3 Friedmann equation
We end this section with a few comments regarding the dark fluid terms which appear
in the Friedmann equation when doing MC in this rotating black hole background. As
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Figure 4: The effective potential V τ
eff
. The parameters are q = 1, lˆ2 = 0.5, Rˆ4 = 4 (so
that r0 = 0.88 r∞), the angular momentum ℓˆ
2 = 0 and the energy E = 0.5. As discussed
in the text, the brane will inevitably be trapped and fall into the black hole.
mentioned above, we expect an E-dependent cosmological constant. Combination of
equations (5.15),(2.10) and (5.13) yield the following Friedmann equation:
H2 =
gd(g
′
d)
2
4B(CA − D2)
[
−AG˜2 − CE˜2 − 2DG˜E˜ + (CA −D2)
]
. (5.20)
Unfortunately, the right-hand side of this equation cannot simply be written as a sum of
terms of the form 1/ap for some power p, since now r is not a simple function of the scale
factor a: inversion of (5.6) yields
r = R˜
a
(1− a4)1/4 . (5.21)
Thus it is not possible simply to read off the dark fluid terms; we conclude that these
terms are background dependent (the same conclusion was reached in [12] as a result of
studying a number of different static backgrounds). However, one can study the behaviour
of H2 when a≪ 1. Then r ≃ R˜a, and a straightforward Taylor expansion yields
H2 ≃ c0 + c2a
2 + c4a
4 + c6a
6
R˜6a10
(5.22)
where
c6 = R˜
6(E2 − 1)
c4 = r˜
4
(
l2E2 − ℓ2 − l
2
R˜2
)
c2 = R˜
4(ξ + E)2
c0 = R˜
2
(
l2(1 + Eξ)2 + ℓ2(ξ2 − 1))− 2lℓ√2m(1 + ξE)
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Figure 5: The effective potential V τ
eff
. The parameters are q = 1, lˆ2 = 0.5, Rˆ4 = 4, and
the energy E = 2. Once again there are the three possible regimes, depending on the
angular momentum. Here the values are ℓˆ2 = 0 for the lower curve, ℓˆ2 = ℓˆ2c = 2.038 for
the critical curve, and ℓˆ2 = 2.5 for the upper curve.
and
ξ =
R4
R˜4
=
coshα
sinhα
=
√
1 +
2m
R˜4
.
Hence as in the case of the Sch-AdS5×S5 black hole of section 4, for small a, H2 contains
dark fluid terms proportional to a−10, a−8, a−6 and a−4. However, it is important to
notice now that even if the angular momentum ℓ of the brane vanishes, there are still the
contributions going as a−6 and a−10 in the Friedman equation. These are now sourced by
the angular momentum (∝ l) of the black hole itself rather than that of the brane.
6 Comments on causality and brane inflation
6.1 Causality
In brane world scenarios it is well known that Lorentz invariance is violated [29]. This
reflects the fact that gravitons can propagate in the bulk whereas photons are confined to
the brane: hence gravitational and light signals generally take different times to propagate
between two given points on the brane. In the context of MC, varying speed of light effects
have been discussed by [17, 27] for slowly moving branes (we will be more specific about
the meaning of ‘slowly moving’ below). Here we comment briefly on this varying speed
of light, ceff , without making any approximation regarding the brane dynamics since this
was obtained exactly in sections 4.1 and 5.2. (In fact it is not entirely clear to us whether
this ‘varying speed of light’ effect should not be referred to as a redshift effect. However
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we use the terminology ‘varying speed of light’ as in references [17, 27].)
In references [30] an investigation was made of the cosmological problems which may
be resolved if ceff was always larger in the past. Thus in MC we search for an expanding
universe for which ceff is always a decreasing function stabilising at a constant value c0
as τ →∞. Notice that in [27] the universe-brane was always considered to approach the
black hole (corresponding to a contracting universes). We consider the case when the
brane moves radially outwards and hence expands: how does ceff behave in that case?
When photons are present on the brane Fij 6= 0 (we still keep Bij = 0). Expansion
in powers of α′ ≪ 1 of the D-brane action (3.1) in the static gauge for q = 1 yields, to
second order,
S ≃ −λ
∫
d4x
√
− det γij − λ
∫
d4xCˆ4
+ (2πα′)2
λ
4
∫
d4x
√
− det γij × tr
[
γ
−1 Fγ−1 F
]
+ . . . . (6.1)
Here A ≡ Aij , and note that the term linear in α′ gives no contribution since F is
anti-symmetric so that tr γ−1 F = 0.
Since α′ ≪ 1 to first order the brane dynamics will be governed by the first two terms
of (6.1), and hence will be given by (4.9) for a Sch-AdS5×S5 background, or by (5.13) for
the rotating black hole background. Furthermore
tr
[
γ
−1 Fγ−1 F
]
= γ−1d
[−γ00E2 + γ−1d B2] (6.2)
where F0i = Ei and Fij = ǫ
ijkBk and we have defined γab ≡ γdδab. Hence (6.1) is a kinetic
term for the gauge fields:
(2πα′)2
λ
4
∫
d4x
√
− det γij × tr
[
γ
−1 Fγ−1F
]
= (2πα′)2
λ
2
∫
d4x
(
−A˜E2 + B˜B2
)
(6.3)
where
A˜ =
(
γd
|γ00|
)1/2
B˜ =
( |γ00|
γd
)1/2
, (6.4)
so that the effective speed of light is
ceff =
( |γ00|
γd
)1/2
=
−L(X)− qC4(X)
g2d
. (6.5)
Here we have used the definition of L given in (4.6). Notice that L and C4 must be
evaluated on the brane trajectory X(τ) so that the effective speed of light clearly depends
on the dynamics of the brane itself.
Since we search for a scenario in which ceff tends asymptotically to c0 as the universe
expands, there are two cases to consider: i) either ℓ < ℓc so that the universe expands
reaching r → ∞ as τ → ∞, or ii) ℓ = ℓc in which case the scale factor stabilises at a
finite value of r = rc. We analyse these cases first for the non-rotating Sch-AdS5×S5
background of section 4.
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6.1.1 Varying speed of light in Sch-AdS5×S5
In this case equation (6.5) becomes
ceff =
1
g2d
√(
A+ Br˙2 + ChIJ φ˙I φ˙J
)
. (6.6)
If the brane moves slowly [27], then the first term in the square-root dominates and
ceff ≃
√A/g2d =
√
f(r) =
√
1− (r0/r)4 (where we have used (4.1) and (4.7)). This
result is independent of E and ℓ (respectively the energy and angular momentum of the
brane) and of L. Also ceff = 0 at r = r0 and ceff → 1 as r →∞ so that ceff increases as
the universe expands.
If the brane does not move slowly, substitution into (6.6) of the specific expressions
for r˙2 and hIJ φ˙
I φ˙J given in (4.9) yield
ceff =
1
g2d
A
E + E =
[
1−
(r0
r
)4](E˜L4
r4
+ 1
)−1
. (6.7)
Hence ceff now depends on the energy E of the brane, though not on its angular mo-
mentum ℓ. However, we still have that ceff = 0 at r = r0 and that ceff → 1 as r → ∞.
Also, from (6.7), ceff is a strictly increasing function of r. Figure 6 shows ceff and the
effective potential V τ
eff
when ℓ = ℓc. Thus once again, as the brane moves outwards from
–1
–0.5
0
1
2
2 3 4 5 6
PSfrag replacements
rˆ
Vˆ τ
eff
ceff
Figure 6: The rescaled effective potential V τ
eff
for ℓˆ = ℓˆc (upper curve) and effective speed
of light ceff (lower curve) in a Sch-AdS5×S5 bulk. The parameters are as in figure 3 so
that q = 1, Lˆ = 1 and Eˆ = 2. The upper horizontal line is the energy Eˆ = 2.
the horizon and expands, ceff decreases. Furthermore, if ℓ = ℓc then ceff stabilises at a
value near 1/2. Hence the only way in which ceff can decrease and stabilise at late times
is if ℓ = ℓc and the universe contracts.
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6.1.2 Varying speed of light in the rotating black hole background
A similar analysis for the bulk of section 5 yields
ceff =
1
g2d
AC − D2
M .
Here A, C,D are given in (5.10), M in (5.14) and we have chosen θ = π/2 as in section
5.2. Notice that ceff is now a function of both E and ℓ.
In the limit r →∞, ceff → 1/E (this reflects the E-dependent cosmological constant
in this case). One can also show that ceff increases as r increases. Hence ceff tends
asymptotically to 1 as r →∞ only if E = 1. For this rotating black hole background we
do not present plots of ceff corresponding to the different curves in figure 5; the overall
behaviour of ceff is similar to that shown in figure 6. For the parameters of figure 5 with
ℓ = ℓc, ceff ∼ 0.2 at r = rc and then tends asymptotically to 1/2 as r → ∞. Thus once
again, the only way in which ceff can decrease and stabilise at late times is if E ≥ 1,
ℓ = ℓc and the universe contracts.
6.2 Comments on non-relativistic brane matter and inflation
So far only the effects of radiation on the brane have been considered in MC. (To the
best of our knowledge this is also true of the rest of the literature on MC.) How can non-
relativistic matter be included starting from the D-brane action? The answer probably
lies in the fermionic sector of the string action which has not been considered here.
As an alternative, one can take a more phenomenological approach and add by hand
matter on the brane with an arbitrary equation of state [31]. A byproduct of this approach
is that, depending on the bulk, it is possible to show that inflation can occur on the brane
(i.e. a ∼ τα with α > 1) [31], but not in the bulk. An interesting realisation of this occurs
in the following case: suppose the bulk is generated by a brane gas [32], and consider the
late time behaviour of this gas. The bulk metric, which is assumed to be flat and roughly
homogeneous and isotropic, is described by a scale factor a(t) and depends on the dilaton
field φ(t) and bulk matter parameters ρ and p (energy density and pressure respectively).
With the standard embedding, a 3-brane moving in the bulk sees an induced scale factor
a(t(τ)), where τ is the brane time. It is the difference between τ and t which is responsible
for the different evolutions of the brane and the bulk.
In this scenario, one considers a phenomenological brane action of the form
S =
∫
d4x
√−γL =
∫
d4x
√−γ {e−φλ+ ξe−mφLb}
rather than (3.1), where m and ξ are dimensionless constants which determine the cou-
pling of the dilaton to the brane matter Lb. Notice that any coupling to a 4-form has been
neglected. The first term above is just the general expression for the kinetic term of (3.1)
for non-zero dilaton. Given this action it is not hard to solve for the brane dynamics, and
hence to obtain the brane scale factor in the way outlined in section 2. Furthermore, if
the brane initially has a large velocity (for example, it is formed as the result of a collision
process — say a 5¯− 5 brane annihilation [33]) and if ρb ≫ λ then inflation may occur on
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the brane in the radiation dominated epoch: in [31] this setup is analysed in detail. The
result is that for the natural coupling to the dilaton, m = 1, the brane inflates when the
bulk is comprised of stiff matter.
A rather different realisation of inflation in MC comes from observing that if the
brane moves slowly then the action (3.1) may be expanded in powers of r˙2 leading, to
first order, to action quadratic in r˙2. The field r can then be identified with the inflaton
which now has an unusual kinetic term, and combined with the potential term it can lead
to inflation—this set-up is reminiscent of that of Burgess et al [34]. (For a discussion
of this approach in a bulk in which supersymmetry is broken, and the effects of brane
self-gravity are included, see [35].)
7 Conclusions
In this work we have tried to summarise some aspects of the approach to brane cosmology
known as mirage cosmology [12]. Here the brane is a D3-brane in type IIB string theory
and it moves in a 10D bulk metric. As opposed to the 5D junction condition approach to
brane cosmology, the D3-brane is treated as a test brane and hence it is straightforward
to consider more than one extra dimension.
As explained in section 2, brane motion can induce an effective cosmology on the
brane, and once the dynamics of the brane is determined the corresponding Friedmann
equation can be obtained. Those parts of the Friedmann equation solely generated by
the motion of the brane (and not by matter on the brane) are the dark fluid terms. We
have tried to see how the familiar dark radiation term [2] generalises when there is more
than one extra dimension, and this was done for the two specific 10D bulk metrics of
sections 4 and 5.
In section 4 we studied the dynamics of the probe D3-brane in a Sch-AdS5×S5 bulk
for which the brane geodesics are parametrised by a conserved energy E and an angu-
lar momentum ℓ about the S5. For all ℓ we saw that the cosmological constant on the
brane vanished if q ≡ e/λ = ±1 corresponding to BPS (anti-)branes. Also the Fried-
mann equation was found to contain dark fluid terms proportional to a−4, a−8 and to
ℓ2a−6, ℓ2a−10.
When ℓ = 0, the brane motion is constrained to Sch-AdS5. There, however, the exact
brane dynamics (including the back-reaction of the brane on the bulk) can be calculated
[7, 8, 10]. As discussed in section 4.2, the MC results must be compared to a JC calculation
in which Z2 symmetry is broken since the D3-branes couple to the bulk RR field. We saw
that the MC and JC Friedmann equations had the same dark fluid terms, and a further
analysis of those equations linked the parameters of the MC approach (E etc) to those
of the JC approach (equations (4.20)-(4.22)). For that analysis it was important to allow
the D3-branes to have an arbitrary RR charge q.
Non-zero angular momentum, ℓ 6= 0, generated dark fluid terms ∝ a−10, a6. As a
result different types of brane trajectories were seen to exist depending on whether or
not ℓ was greater or smaller than ℓc (figure 3):
• ℓ < ℓc. The brane contracts/expands (corresponding to inward/outward radial
motion) for all τ .
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• ℓ = ℓc. A (contracting) brane moving radially inwards from infinity reaches, after
an infinite τ , a critical radius in which it rotates around the black hole in a stable
orbit. An expanding brane moving radially outwards from the horizon reaches the
same stable critical radius.
• ℓ > ℓc. A centrifugal barrier develops. A (contracting) brane moving radially
inwards from infinity bounces off this barrier after a finite τ . Then it moves radially
outwards and starts to expand. Similarly a (expanding) brane moving radially
outwards from the horizon is also reflected by the barrier after a finite τ ; it starts
moving radially inwards and contracts until it is swallowed by the black hole.
In section 4.4 we commented on the addition of radiation to the brane. The resulting
Friedmann equation only contains terms proportional to ρrad and not ρ
2
rad because of
the ‘passive’ nature of the MC approach. In principle, given this Friedmann equation,
one could try to constrain the different parameters (such as ℓ, E) via nucleosynthesis
constraints. One reason for not doing this is the (current) lack of a treatment for non-
relativistic brane matter in this MC approach. Since D3-branes are BPS states, perhaps
this problem will be related to providing a prescription for supersymmetry-breaking. How
to do all this is an important question for future work.
The purpose of section 5 was to consider a slightly more complicated bulk and to try
to see how many of the results presented in section 4 are in fact bulk dependent. We
considered the dynamics of a brane in the rotating black hole metric of equation (5.1)
and found that the main differences with the Sch-AdS5×S5 bulk are
• an E-dependent cosmological constant on the brane which does not vanish when
q = ±1 unless E = 1.
• Brane trajectories which were always trapped by the black hole if E < 1. For E > 1
the three different classes of ℓ-dependent trajectories outlined above were found.
• For a≪ 1, dark fluid terms ∝ a−10, a−6, a−8 and a−4, the first two of which did not
vanish when ℓ = 0 since in this case they were sourced by the angular momentum
of the black hole itself (i.e. ∝ l).
Finally for both bulks, we considered the behaviour of ceff as the universe expands.
In the Sch-AdS5×S5 bulk ceff is ℓ independent (but E dependent) and vanishes at the
horizon r0. As r →∞, ceff tends to 1. Hence for a brane with ℓ < ℓc (which expands for
all τ), the speed of light always increases tending to 1. For ℓ = ℓc the asymptotic value
is c0 < 1. Similar behaviour holds in the rotating black hole bulk.
There are many interesting aspects of mirage cosmology which we have not studied
here. One of these is the question of the initial singularity [12], and another is an in-
terpretation of the results presented here (and especially the role of the critical angular
momentum ℓc) in the context of SYM theory and black hole thermodynamics.
A final crucial ingredient, which is required for MC, is a description of brane self-
gravity. As was discussed in the introduction, our approach is to treat brane motion as
similar to planetary motion. In the latter case, one usually leaves the question of self-
gravity to the geophysicists. However, as cosmologists, it is necessary to know about the
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internal evolution of the brane. Since it is extremely unlikely this will be induced solely
by the motion of the brane in its background, we require an understanding of how local
energy density on the brane sources gravity on the brane [35]. Before mirage cosmology
can become a fully-fledged cosmology, this vital question must be addressed.
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Appendix
In section 4.3 we commented that there is a critical value of the brane angular momentum,
ℓc, for which the effective potential has a local maximum at Veff =E. A brane with this
angular momentum can be in a circular orbit about the black hole at r=rc.
Mathematically, this situation arises when Veff = E has repeated roots. If we use
the rescaled quantities and let x = rˆ2, then from (4.23) or (4.24) this is equivalent to
considering when the polynomial p(x)=(x2−1)(ℓˆ2+x3)−x(Eˆ− 1
2
+x2)2=0. Simplifying,
it is left to show that there are repeated roots of the cubic equation
yx3 − ℓˆ2x2 + 1
4
(y − 1)2x+ ℓˆ2 = 0,
where y = 2Eˆ. This occurs when
ℓˆ4c =
1
128
[
−y4 + 76y3 + 282y2 + 76y − 1 +
√
(y + 1)2(y2 + 34y + 1)3
]
.
The expression for the repeated root xc = rˆ
2
c is too complicated to write down here
however.
References
[1] L.Randall and R.Sundrum, Phys. Rev. Lett. 83 (1999) 3370; L.Randall and
R.Sundrum, Phys. Rev. Lett. 83 (1999) 4690.
[2] P.Bine´truy, C.Deffayet and D.Langlois, Nucl. Phys. B565 (2000) 269; P.Bine´truy,
C.Deffayet, U.Ellwanger and D.Langlois. Phys. Lett. B477 (2000) 285.
[3] J.M.Cline, C.Grosjean and G.Servant, Phys. Rev. Lett. 83 (1999) 4245.
[4] C.Csaki, M.Graesser, C.Kolda and J.Terning, Phys. Lett. B462 (1999) 34.
27
[5] E.E.Flannagan, S.-H.Tye and I.Wasserman, Phys. Rev. D62 (2000) 083513.
[6] T.Shiromizu, K.Maeda and M.Sasaki, Phys. Rev. D62 (2000) 024012.
[7] P.Kraus, JHEP 9912 (1999) 011.
[8] D.Ida, JHEP 0009 (2000) 014.
[9] P.Bowcock, C.Charmousis and R.Gregory, Class. Quant. Grav. 17 (2000) 4745.
[10] B.Carter and J.-P.Uzan, Nucl. Phys. B606 (2001) 45.
[11] P.Tinyakov and K.Zuleta, Phys. Rev. D64 (2001) 025022.
[12] A.A.Kehagias and E.Kiritsis, JHEP 11:022 (1999).
[13] S.Mukohyama, T.Shiromizu and K.Maeda, Phys. Rev.D62 (2000) 024028; Erratum-
ibid. D63 (2001) 029901.
[14] e.g. C.Bachas, Lectures on D-branes, hep-th/9806199.
[15] J.Maldacena, D-branes and near extremal black holes at low energies,
hep-th/9611125.
[16] E.Kiritsis, Mirage cosmology and universe-brane stabilization, Proceedings of the
TMR meeting on quantum aspects of gauge theories, supersymmetry and unification.
Paris 1st - 7th September 1999.
[17] E.Kiritsis, JHEP 10:010 (1999).
[18] D.Youm, Phys. Rev. D63 (2001) 085010; Erratum-ibid. D63 (2001) 129902.
[19] D.Youm, Brane Inflation in the Background of a D-brane with ND B field,
hep-th/0011024.
[20] e.g. E.Papantonopoulos and I.Pappa, Type 0 brane inflation from mirage cosmology,
0001183.
[21] T.Boehm and D.A.Steer, in progress.
[22] e.g. K.Stelle, Lectures on supergravity p-branes, hep-th/970108 and BPS branes in
supergravity, hep-th/9803116.
[23] A.C.Davis, T.W.B. Kibble, M.Pickles and D.A.Steer, Phys. Rev.D62 (2000) 083516.
[24] P.Kraus, F.Larsen and S.Trivedi, JHEP 9903:003 (1999).
[25] R.-G.Cai, JHEP 9909:02 (1999).
[26] R.-G.Cai and K.-S.Soh, Mod. Phys. Lett. A14 (1999) 1895.
[27] S.H.S.Alexander, JHEP 11:017 (2000).
28
[28] A.A.Tseyltin and S.Yankielowicz, Nucl. Phys. B541 (1999) 145.
[29] e.g. R.R.Caldwell and D.Langlois, Phys. Lett. B511 (2001) 129.
[30] A.Albrecht and J.Magueijo, Phys. Rev. D59 (1999) 043516.
[31] M.Parry and D.A.Steer, Brane Gas Inflation, hep-ph/0109207.
[32] S.Alexander, R.Brandenberger and D.Easson, Phys. Rev. D62 (1999) 103509.
[33] J.Majumder and A.Sen, JHEP 000:010 (2000); S.Alexander, Inflation from D—anti-
D brane annihilation, hep-th/0105032.
[34] C.Burgess, M.Majumdar, D.Nolte, F.Quevedo, G.Rajesh and R.J.Zhang, JHEP
0107:047 (2001).
[35] Ph.Brax and D.A.Steer, in progress.
29
